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HIGHER ORDER PAINLEV\’E EQUATIONS OF TYPE $D_{f}^{(1)}$
(yusuke SASANO)
DEPARTMENT OF MATHEMATICS KOBE UNIVERSITY
ABSTRACT. A series of systems of nonlinear equations with affine Weyl group of
type $D_{l}^{(1)}$ is studied. This series gives a generalization of Painleve equations $P_{VI}$
and $P_{V}$ to higher orders.
0. INTRODUCTION
In this paper we propose a series of systems of nonlinear differential equations
which have symmetry under the affine Weyl group of type $D_{l}^{(\mathrm{I})}(l=4,5,6, ..)$ .
These systems are considered as higher order analogues of the Painleve equations
$P_{VI}$ and $P_{V}$ . For each $n=1,2$ , ..., we find an algebraic ordinary differential system
with symmetry under the affine Weyl group of type $D_{2n+2}^{(1)}$ for $2n$ unknown functions
$q_{1},p_{1}$ , $q_{2},p_{2}$ , $\ldots$ , $q_{n},p_{n}$ , containing complex parameters $(\alpha_{1}^{*})$ , $(\mathrm{a}\mathrm{J})$ , $\ldots$ , $(\alpha_{n}^{*})$ . Here the
symbol $(\alpha_{i}^{*})$ denotes the set $(\alpha_{i}^{*})=(\alpha_{i}^{(0)}, \alpha_{i}^{(1)}, \ldots, \alpha_{i}^{(4)})$ . Our differential system is a
Hamiltonian system, whose Hamiltonian is given as follows:
$\frac{dq_{i}}{dt}=\frac{\partial H}{\partial p_{i}}$ , $\frac{dp_{i}}{dt}=-\frac{\partial H}{\partial q_{i}}$ $(\mathrm{i}=1,2, .., n)$ ,
$H= \sum_{i=1}^{n}H_{VI}(q_{\mathrm{z}},p_{i},t;\alpha_{i}^{(0)}, \alpha_{i}^{(1)}, \alpha_{i}^{(2)}, \alpha_{i}^{\langle 3)}, \alpha_{i}^{(4)})+\sum_{1\leq \mathrm{I}<m\leq n}\frac{R(q_{l},p_{l},q_{m},p_{m},t,\alpha_{m}^{(2)})}{t(t-1)}.$,
where
$R(q_{l},p_{f}, q_{m},p_{m},t; \alpha_{m}^{(2)}):=2(q_{\iota}-t)p_{\ell}q_{m}((q_{m}-1)p_{m}+\alpha_{m}^{(2)})$ ,
and the parameters satisfy the following relations:
$\{$
$\alpha_{j}^{(0)}+\alpha_{j}^{(1)}+2\alpha_{J}^{(2)}-+\alpha_{j}^{(3)}+\alpha_{j}^{(4)}=1(j=1,2, .., n)$ ,
$\alpha_{j}^{(1)}+2\alpha_{j}^{(2)}+\alpha_{j}^{(4\rangle}-\alpha_{j+1}^{(1)}-\alpha_{\overline{J}+1}^{(4\}}=0(j=1,2, .., n-1)$ ,
$\alpha_{j}^{(3\}}-\alpha_{j}^{(4)}-2\alpha_{j+1}^{(2)}-\alpha_{j+1}^{(3)}+\alpha_{j+1}^{(4)}=0(j=1,2, .,, n-1)$,
and $H_{VI}(q, p,t; \alpha_{0}, \alpha_{1}, \alpha_{2}, \alpha_{3}, \alpha_{4})$ denotes the Hamiltonian of the second-order Painleve
VI equations; (see Section 1).
Moreover, for each $n=1,2,3$ , $\ldots$ , we find a $(2n+3)$-parameter family of cou-
pled Painlev\’e $\mathrm{V}$ systems for $2n$ unknown functions $q_{1},p_{1}$ , $q_{2},p_{2}$ , $\ldots$ , $q_{n},p_{n}$ , contaxn-
ing complex parameters $(\alpha_{1^{*}})$ , $(\alpha_{2}^{*})$ , ..., $(\alpha_{n}^{*})$ . Here the symbol $(\alpha_{t}^{*})$ denotes the set
$(\alpha_{\dot{\mathrm{t}}}^{*})=(\alpha_{i}^{(1)}, \alpha_{i}^{(2)}, \alpha_{i}^{(3)})$ . Our differential system is a Hamiltonian system, whose




$H=- \cdot H_{V}\nabla(\angle q_{i},p_{i}, t;\alpha_{i}^{(1)}, \alpha_{i}^{(2)}, \alpha_{i}^{(3)})+\sum_{1i=1\leq l<m\leq n}\frac{R(q_{t},p_{l},q_{m},p_{m}.t,\alpha_{m}^{(2)})}{t}n,\cdot$ ,
where
$R(q_{l},p_{l}, q_{m},p_{m},t;\alpha_{m}^{(2)}):=2p_{l}q_{m}((q_{m}-1)p_{m}+\alpha_{m}^{(2)})$,
and the parameters satisfy the following relations:
$\alpha_{i}^{(1)}-\mathrm{a}_{j}^{(3)}-\alpha_{j+1}^{(1)}+2\alpha_{\mathrm{j}+1}^{(2)}$ I $\alpha_{j+1}^{(3)}=0(j=1,2, .., n-1)$ ,
and $H_{V}$ ( $q,p,$ $t;\alpha_{1}$ , $\alpha_{2}$ , a3) denotes the Hamiltonian of the second-order Painleve $\mathrm{V}$
equations; (see Section 5).
In this paper, we will study the case of dimension 4, that is to say, the systems
of type $D_{6}^{(1)}$ and $D_{5}^{(1\}}$ , respectively.
1. MOTIVATION AND MAIN RESULTS
In the works [10],[11], [12], the author studied higher order Painleve equations from
the viewpoint of algebraic and Hamiltonian vector fields. In the case of the second-
order Painleve vector fields, it is well-known that each of Painleve vector fields can
be expressed as an algebraic vector field satisfying the following conditions:
(A) $\tilde{v}\in H^{0}(\mathrm{P}^{2}, \Theta_{1\mathrm{P}^{2}} (-\log 7\{)4n7\mathrm{i}))$ $(n=1,2,3)$ .
Here, $\mathrm{O}_{\mathrm{P}^{2}}-(-\log \mathcal{H})$ is the subsheaf of $6\mathrm{p}2$ whose local section $v$ satisfies $v(f)$ $\in(f)$
for any local equation $f$ of the boundary divisor $\mathcal{H}$ of $\mathbb{P}^{2}$ . Moreover, each Painleve
vector field has the symmetry under the affine Weyl group (except for the first
Painleve vector field, which does not have the required symmetry). Here, let us
summarize the following important properties of the Painleve vector fields; (see
$[8],[19])$ .
Notation.
$\bullet$ $H\in \mathbb{C}(t)[x,y]$ , $\bullet$ $deg(H)$ : degree with respect to $x,y$ .
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it is widely believed that this is the case. They are considered to be higher order
versions of $P_{V}$ (resp. $P_{IV}$ ) when $l$ is odd (resp. even). These two examples by Noumi
and Yamada motivated the author to find the examples of higher order versions other
than $P_{V}$ and $P_{IV}$ in this paper. Let us summarize important properties of these two
systems as follows:
Notation.
$\bullet$ $H\in \mathbb{C}(t)[x, y, z, w]$ , $\bullet$ $deg(H)$ :degree with respect to $x$ , $y$ , $z$ , $w$ .
symmetry $W(A_{5}^{1})$ $W(A_{4}^{1})$
Hamiltonian $H$ $H_{V}(x_{?} y, t)+H_{V}(z, w, t)$
$-2yzw+-\underline{2xyzw}$
$H_{IV}(x, y, t)+H_{IV}(z, w, t)$
$+2yzw$
form of equations coupled Painlev\’e $V$ coupled Painlev\’e $IV$
degree of Hamiltonian $H$ 4 3
$\tilde{v}\in H$ $( , \mathrm{O}-_{\mu}(-\log H)(nft))$ $n=2$ $n=1$
These properties suggest the possibility that there exists a procedure for searching
for such higher order versions with symmetry under the affine Weyl group of type
$D_{6}^{(1)}$ . Here, let us consider the following problem 1.
Problem 1.
Can we show existence of a vector field $v$ associated with coupled Painleve $VI$
systems in dimension four satisfying the following conditions $(A1)_{f}(A2)$ ? If yes, can
we find it explicitly and is it unique?
Condition.
(A1) $deg(H)=5$ with respect to $x$ , $y$ , $z$ , $w$ .
(A2) The vector field $v$ has symmetry under the affine Weyl group of type $D_{6}^{(1)}$ .
To answer this, in this paper, we present an explicit 6-parameter family of fourth-
order algebraic ordinary differential equations that can be considered as coupled
Painleve VI systems in dimension four with symmetry under the extended affine













Here $x$ , $y$ , $z$ and $w$ denote unknown complex variables, and $\alpha_{0}$ , $\alpha_{1,\}}..\alpha_{4}$ , $\beta_{0}$ , $\beta_{1,\}}..\beta_{4}$
are complex parameters satisfying the following relations:
$\alpha_{0}+\alpha_{1}+2\alpha_{2}+\alpha_{3}+\alpha_{4}=1$ , $\beta_{0}+\beta_{1}+2\beta_{2}+\beta_{3}+\beta_{4}=1$ ,
$\alpha_{1}+2\alpha_{2}+\alpha_{4}-\beta_{1}-\beta_{4}=0$, $\mathrm{c}\mathrm{x}_{3}-\alpha_{4}-2\beta_{2}-\beta_{3}+\beta_{4}=0$ .
From the above relations, it is easy to see that the parameters a3, $\alpha_{4}$ , $\beta_{0}$ , $\beta_{1}$ also
satisfy the following relations:
$\alpha_{3}=\frac{1-\alpha_{0}-\alpha_{1}-2\alpha_{2}+2\beta_{2}+\beta_{3}-\beta_{4}}{2}$ , $\alpha_{4}=\frac{1-\alpha_{0}-\alpha_{1}-2\alpha_{2}-2\beta_{2}-\beta_{3}+\beta_{4}}{2}$
$\beta_{0}=\frac{1+\alpha_{0}-\alpha_{1}-2\alpha_{2}-2\beta_{2}-\beta_{3}-\beta_{4}}{2}$ , $\beta_{1}=\frac{1-\alpha_{0}+\alpha_{1}+2\alpha_{2}-2\beta_{2}-\beta_{3}-\beta_{4}}{2}$ .
$\prime\prime..-\sim\backslash .$ . $’.\cdot-\cdot.\backslash .$.





Our differential system is equivalent to a Hamiltonian system, whose Hamiltonian
$H$ is given as follows:
$H=H_{VI}(x, y, t;\alpha_{0}, \alpha_{1}, \alpha_{2}, \alpha_{3}, \alpha_{4})+H_{VI}(z, w, t;\beta_{0}, \beta_{1}, \beta_{2}, \beta_{3}, \beta_{4})$
(2)
$+ \frac{2(x-t)yz\{(z-1)w+\beta_{2}\}}{t(t-1)}$ .
The symbol $H_{VI}$ ($q,p$ , $t;\alpha_{0\}}\alpha_{1}$ , $\alpha_{2}$ , a3, $\alpha_{4}$ ) denotes the Hamiltonian of the second-
order Painleve VI equations, which is given as follows:
$H_{VI}(q, p, t; \alpha_{0}, \alpha_{1}, \alpha_{2}, \alpha_{3}, \alpha_{4})=\frac{1}{t(t-1)}(p^{2}(q-t)(q-1)q-\{(\alpha_{0}-1)(q-1)q+\alpha_{3}(q-$
$t)q+\alpha_{4}(q-t)(q-1)\}p+\alpha_{2}(\alpha_{1}+\alpha_{2})(q-t))(\alpha_{0}+\alpha_{1}+2\alpha_{2}+\alpha_{3}+\alpha_{4}=1)$ .
Remark 1.1. Taking the holomorphic boundary coordinate system $(X, Y, Z, W)=$
$(x, y., 1/z, -z(zw+\beta_{2}))$ of the system (1), the interaction term of the Hamiltonian
(2) changes as follows:
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$H=H_{VI}(X, Y, t)+H_{VI}’(Z, W, t)+ \frac{2(X-t)Y(Z-1)W}{t(t-1)}$
(3)
$=H_{VI}(x, y, t)+H_{VI}’(Z, W, t)+ \frac{2(x-t)y(Z-1)W}{t(t-1)}$ .
Here, $H_{VI}’(Z, W, t)$ is the Hamiltonian in the holomorphic boundary coordinate sys-
$tem(Z, W)=(1/z, -z(zw+\beta_{2}))$ , which satisfies the following condition:
$dz\Lambda dw-dH_{VI}(z, w, t;\beta_{0}, \beta_{1}, \beta_{2}, \beta_{3}, \beta_{4})\Lambda dt=dZ\Lambda dW-dH_{VI}’(Z, W, t)\wedge dt$ .
Theorem 1.1. The system (1) is invariant under the transformations $s_{0}$ , $s_{1,\}}..s_{6},$ $\pi_{1}$ ,
$\pi_{2},\pi_{3}$ and $\pi_{4}$ defined as follows: with the notations $\gamma_{1}:=\alpha_{4}-\beta_{4}$ and $(*):=$
$(x, y, z, w, t;\alpha_{0}, \alpha_{1}, \alpha_{2}, \gamma_{1}, \beta_{2}, \beta_{3}, \beta_{4})$,
$\pi_{1}$
$\pi_{2}$
$s_{0}$ : $(*) arrow(x_{\gamma}y-\frac{\alpha_{0}}{x-t}, z, w, t;-\alpha_{0}, \alpha_{1}, \alpha_{2}+\alpha_{0}, \gamma_{1}, \beta_{2}, \beta_{3}, \beta_{4})_{\gamma}$
$s_{1}$ : $(*)arrow(x, y, z, w, t_{\mathrm{i}}\alpha_{0}, -\alpha_{1}, \alpha_{2}+\alpha_{1},\gamma_{1}, \beta_{2}, \beta_{3}, \beta_{4})$,
$s_{2}$ : $(*) arrow(x+\frac{\alpha_{2}}{y}, y, z, w, t;\alpha_{0}+\alpha_{2}, \alpha_{1}+\alpha_{2}, -\alpha_{2}, \gamma_{1}+\alpha_{2}, \beta_{2}, \beta_{3},\beta_{4})$ ,
$s_{3}$ : $(*) arrow(x, y-\frac{\gamma_{1}}{x-z}, z, w+\frac{\gamma_{1}}{x-z}, t;\alpha_{0}, \alpha_{1}, \alpha_{2}+\gamma_{1}, -\gamma_{1},\beta_{2}+\gamma_{1}, \beta_{3}, \beta_{4})$,
$s_{4}$ : $(*) arrow(x, y, z+\frac{\beta_{2}}{w}, w, t;\alpha_{0}, \alpha_{1}, \alpha_{2}, \gamma_{1}+\beta_{2}, -\beta_{2}, \beta_{3}+\beta_{2}, \beta_{4}+\beta_{2})$ ,
$s_{5}$ : $(*) arrow(x, y, z, w-\frac{\beta_{3}}{z-1},t;\alpha_{0}, \alpha_{1\}}\alpha_{2}, \gamma_{1}, \beta_{2}+\beta_{\mathit{3}}, -\beta_{3}, \beta_{4})$ ,
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$s_{6}$ : $(_{\acute{r}},) arrow(x, y, z, w-\frac{\beta_{4}}{z}, t;\alpha_{0}, \alpha_{1}, \alpha_{2}, \gamma_{1},\beta_{2}+\beta_{4}, \beta_{3}, -\beta_{4})$ ,
$\pi_{1}$ : $(*) arrow(\frac{t(t-1)+t(x-t)}{x-t},$ $- \frac{(x-t)((x-t)y+\alpha_{2})}{t(t-1)}$ , $\frac{t(t-1)+t(z-t)}{z-t}$ ,
$- \frac{(z-t)((z-t)w+\beta_{2})}{t(t-1)},t,\cdot\alpha_{1}$, $\alpha_{0}$ , $\alpha_{2}$ , $\gamma_{1}$ , $\beta_{2}$ , $\beta_{4},\beta_{3})$ ,
$\pi_{2}$ : $(*) arrow(\frac{t}{z}, -\frac{z(zw+\beta_{2})}{t}, \frac{t}{x}, -\frac{x(xy+\alpha_{2})}{t},t;\beta_{3}, \beta_{4},\beta_{2}, \gamma_{1}, \alpha_{2}, \alpha_{0}, \alpha_{1})$,
$\pi_{\mathit{3}}$ : $(*)arrow(1-x,$-y, l-z, -w,$1-t;\alpha_{0}, \alpha_{1}, \alpha_{2}, \gamma_{1}, \beta_{2}, \beta_{4}, \beta_{3})$ ,
$\pi_{4}$ : $(*) arrow(\frac{(t-1\}x}{t-x}, \frac{(t-x)(ty-xy-\alpha_{2})}{\mathrm{t}(t-1)}, \frac{\{t-1)z}{t-z}, \frac{(t-z)(tw-zw-\beta_{2})}{t(t-1)}, 1-t;\alpha_{1}, \alpha_{0}, \alpha_{2}, \gamma_{1},\beta_{2}, \beta_{3}, \beta_{4})$ .
Remark 1.2. It is easy to see that the parameters $\alpha_{0}$ , $\alpha_{1}$ , $\alpha_{2},$ $\alpha_{4}$ , $\beta_{2}$ , $\beta_{3},\beta_{4}$ satisfy
the relation:
$\alpha_{0}+\alpha_{1}+2\alpha_{2}+2(\alpha_{4}-\beta_{4})+2\beta_{2}+\beta_{3}+\beta_{4}=1$ ,
and the generators $\pi_{2}$ , $\pi_{3},\pi_{4}$ satisfy the relation:
$\pi_{4}=\pi_{2}\pi_{\mathit{3}}\pi_{2}$ .
Remark 1.3. Taking the holomorphic boundary coordinate system $(X, Y, Z, W)$ $=$
$(1/\mathrm{x}7-x(xy+\alpha_{2}), z, w)$ , it is easy to see that the transformation $s_{1}$ can be explicitly
written as follow$fs$ :
$s_{1}$ : $(X, Y, Z, W, t,\cdot\alpha_{0}, \alpha_{1}, \alpha_{2}, \gamma_{1}, \beta_{2}, \beta_{3},\beta_{4})$
$arrow(X,$ Y $-(1/\mathrm{x}7$ Z, W,$t;\alpha_{0}, -\alpha_{1},\alpha_{1}+\alpha_{2},\gamma_{1},\beta_{2},\beta_{3},\beta_{4})$ .
Proposition 1,1. The transfo rmations described in Theorem 1.1 define a repre-






$\pi_{1}(s_{0}, s_{1r}s_{2}, s_{3}, s_{4}, s_{5}, s_{6})=(s_{1}, s_{0}, s_{2}, s_{3}, s_{4}, s_{6}, s_{5})\pi_{1}$ , $\pi_{2}(s_{0}, s_{1}, s_{2}, s_{3}, s_{4}, s_{5\gamma}s_{6})=$
$(s_{\overline{\mathfrak{o}}}, s_{6}, s_{4}, s_{3}, s_{2}, s_{0}, s_{1})\pi_{2}$ , $\pi_{3}(s_{0}, s_{1}, s_{2}, s_{3}, s_{4}, s_{5}, s_{6})=(s_{0}, s_{7,\wedge},, s_{2}, s_{3)}s_{4}, s_{6}, s_{5})\pi_{\mathit{3}}$ ,
$\pi_{4}(s_{0}, s_{1}, s_{2}, s_{3}, s_{4}, s_{5\mathrm{J}}s_{6})=(s_{1}, s_{0}, s_{2}, s_{3}, s_{4}, s_{57}s_{6})\pi_{4}$.
Proposition 1.1 is proved by straightforward computations
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-2(t-x)z(-w+ zw $+\alpha_{4}$) $\}$ ,
$\frac{dy}{dt}=\frac{1}{t(t-1)}\{-3x^{2}y^{2}+2(t+1)xy^{2}-ty^{2}-2(1-\alpha_{0}-2\alpha_{3}-2\alpha_{4}-\alpha_{5}-\alpha_{6})xy$





$-$ ( $-1+$ a $\mathrm{c}$ $+\alpha_{3}+t\alpha_{5}+\alpha_{6}+t\alpha_{6}$) $w+\alpha_{4}(-1+\alpha_{0}+\alpha_{3}+\alpha_{4}+\alpha_{5}+\alpha_{6})$
$+2(t-x)y(-w+2zw+\alpha_{4})\}$
coincides with the system (1) when ( $\alpha_{3}$ , $\alpha_{4}$ , (a3, $\alpha_{6}$ ) is $rew7^{\backslash }itten$ as $(\alpha_{4}-\beta_{4}, \beta_{2}, \beta_{3},\beta_{4})_{f}$
and this system is invariant under the affine Weyl group $<w_{0},w_{\mathrm{I}}$ , .., $w_{6}>of$ type
$D_{6}^{(1)}$ , whose generators $w_{i}$ are explicitly written as follows:
$w_{0}$ : $(*)arrow(x, y-\alpha_{0}/(x-t)_{\mathrm{r}}z,$ $w$ , $t;-\alpha_{0}$ , $\alpha_{1}$ , $\alpha_{2}+\alpha_{0}$ , $\alpha_{3}$ , $\alpha_{4}$ , $\alpha_{5,}\alpha_{6})$ ,
$w_{1}$ : $(*)arrow(x, y, z, w, t;\alpha_{0}, -\alpha_{1}, \alpha_{2}+\alpha_{1}, \alpha_{\mathit{3}}, \alpha_{4}, \alpha_{5}, \alpha_{6})$ ,
$w_{2}$ : $(*)arrow(x+\alpha_{2}/y, y, z, w, t;\alpha_{0}+\alpha_{2}, \alpha_{1}+\alpha_{2}, -\alpha_{2}, \alpha_{3}+\alpha_{2}, \alpha_{4}, \alpha_{5}, \alpha_{6})$,
$w_{3}$ : $(*)arrow(x, y-\alpha_{3}/(x-z),$ $z_{7}w+$ a $\mathrm{a}/(x-z)$ , $t;\alpha_{0}$ , $\alpha_{1}$ , $\alpha_{2}+\alpha_{\mathit{3}},$ $-\alpha_{3}$ , $\alpha_{4}+$
$\alpha_{3}$ , $\alpha_{5)}\alpha_{6})$ ,
$w_{4}$ : $(*)arrow(x, y, z+\alpha_{4}/w, w, t;\alpha_{0}, \alpha_{1}, \alpha_{2}, \alpha_{3}+\alpha_{4}, -\alpha_{4}, \alpha_{5}+\alpha_{4}, \alpha_{6}+\alpha_{4})$,
$w_{5}$ : $(*)arrow(x, y, z, w-\alpha_{5}/(z-1), t;\alpha_{0}, \alpha_{1}, \alpha_{2}, \alpha_{3}, \alpha_{4}+\alpha_{5}, -\alpha_{5}, \alpha_{6})$,
$w_{6}$ : $(*)arrow(x, y, z, w-\alpha_{6}/z, t;\alpha_{0}, \alpha_{1}, \alpha_{2}, \alpha_{3}, \alpha_{4}+\alpha_{6}, \alpha_{5}, -\alpha_{6})$ .
Here the parameters satisfy the relation $\alpha_{0}+\alpha_{1}+2\alpha_{2}+2\alpha_{3}+2\alpha_{4}+\alpha_{5}+\alpha_{6}=1$ .
We give this alter ate formulation (4) $io$ the system (1), because the system (4) will
be etseful in the $proo/of$ Theorem 1.2.
In addition to Theorem 1.1, we give an explicit description of a confluence to the
system of type $A_{5}^{(1)}$ :
Theorem 1.2. For the system (4) of type $D_{6}^{(1)}$ , we make the change of parameters
and variables
$\alpha_{0}=\epsilon^{-1}$ , $\alpha_{1}=A_{3}$ , $\alpha_{2}=A_{2}$ , $\alpha_{3}=A_{1}-B_{1}$ , $\alpha_{4}=B_{2}$ , $\alpha_{5}=B_{0}-B_{2}-\epsilon^{-1}$ , $\alpha_{6}=B_{1}$ ,
$B_{0}=1-2A_{1}-2A_{2}-A_{3}+B_{1}-B_{2}$ , $t=1+\in T$, (x-l)(X -1)=1, $(z-1)(Z-1)=1$ ,
$(x-1)y+(X-1)Y=-A_{2}$ , $(z-1)w+(Z-1)W=-B_{2}$ ,
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from $\alpha_{0}$ , $\alpha_{1}$ , $\alpha_{2}$ , $\alpha_{3}$ , $\alpha_{4}$ , $\beta 0$ , $\beta_{1}$ , $\beta_{2}$ , $\beta_{3},\beta_{4}$ , $t$ , $x_{\mathrm{s}}y_{j}z$ , $w$ to $A_{1}$ , $A_{2}$ , $A_{3}$ , $B_{1}$ ,
$B_{2\backslash }\epsilon$ , $T$, $X$, $Y$, $Z$, $W$ .
Then the system (4) can also be written in the new variables $T$, $X$ , $Y$, $Z$, $W$ and pa-
$7^{\cdot}ametersA_{1}$ , $A_{2}$ , $A_{3}$ , $B_{1}$ , $B_{2}$ , $\epsilon$ as a Hamiltonian $syste^{i}rn$ . This new system tends to
the system of type $A_{5}^{(1)}$ as $\epsilonarrow 0$ .
2. REVIEW OF THE SYSTEMS OF TYPE $A_{4}^{(1)}$ AND TYPE
$A_{5}^{(1)}$







Here, $x,y$ , $z$ and $w$ denote unknown complex variables, and $\mathrm{a}\mathrm{o}$ , $\alpha_{1}$ , .., Q5 are complex
parameters with $\alpha_{0}+\alpha_{1}+\alpha_{2}+\alpha_{3}+\alpha_{4}+$a5 $=1$ . The above differential system (5)
is a Hamiltonian system, whose Hamiltonian $H_{A_{5}^{(1)}}$ is explicitly written as follows:
$H_{A_{5}^{\langle 1\rangle}}(x,y, z, w, t; \alpha_{0}, .., \alpha_{5})=\frac{x^{2}y^{2}-x^{2}y}{t}-xy^{2}+(1+\frac{\alpha_{1}+\alpha_{3}+\alpha_{5}}{t})xy+(\alpha_{2}+\alpha_{4})y-\frac{\alpha_{1}x}{t}$
$+ \frac{z^{2}w^{2}-z^{2}w}{t}-zw^{2}+(1+\frac{\alpha_{1}+\alpha_{3}+\alpha_{5}}{t})zw+\alpha_{4}w-\frac{\alpha_{3}z}{t}-2yzw+\frac{2xyzw}{t}$ .
The system (5) admits action of the affine Weyl group $<s_{0}$ , $s_{1},$ $s_{2}$ , $s_{3}$ , $s_{4}$ , $s_{5}>\mathrm{o}\mathrm{f}$
type $A_{5}^{(1)}$ as group of the Backlund transformations. By using the notation $(*):=$
$(x, y, z, w, t;\alpha_{0}, \alpha_{1}, \alpha_{2}, \alpha_{3}, \alpha_{4}, \alpha_{5})$ , the generators $s_{0}$ , $s_{1}$ , .., $s_{5}$ are exphcrtly written as
follows :
$s_{0}$ : $(*)arrow(x, y-\alpha_{0}/(x-t),$ $z$ , $w$ , $t;-\alpha_{0}$ , $\alpha_{1}+\alpha_{0}$ , $\alpha_{2}$ , $\alpha_{3}$ , $\alpha_{4}$ , $\alpha_{5}+\alpha_{0})$ ,
$s_{1}$ : $(*)arrow(x+_{\vec{y}}^{\alpha}, y, z, w, t;\alpha_{0}+\alpha_{1}, -\alpha_{1}, \alpha_{2}+\alpha_{1}, \alpha_{3}, \alpha_{4}, \alpha_{5})$ ,
$s_{2}$ : $(*) arrow(x, y-\frac{\alpha_{2}}{x-z}, z, w+\frac{\alpha_{2}}{x-z}, t;\alpha_{0}, \alpha_{1}+\alpha_{2}, -\alpha_{2}, \alpha_{3}+\alpha_{2}, \alpha_{4}, \alpha_{5})$,
S3 : $(*)-+(x, y, z+ \frac{\alpha_{3}}{w}, w, t;\alpha_{0}, \alpha_{1}, \alpha_{2}+\alpha_{3}, -\alpha_{3}, \alpha_{4}+\alpha_{3}, \alpha_{5})$ ,
$s_{4}$ : $(*) arrow(x, y, z, w-\frac{\alpha_{4}}{z}, t;\alpha_{0}, \alpha_{1}, \alpha_{2}, \alpha_{3}+\alpha_{4}, -\alpha_{4}, \alpha_{5}+\alpha_{4})$,
$s_{5}$ : $(*)arrow$ ($X+ \frac{\alpha}{w}\Xi\overline{y+}\overline{-1}$ , $y$ , $z+ \frac{\alpha 5}{\overline{y+}w-1}$ , $w$ , $t;\alpha_{0}+\alpha_{5}$ , $\alpha_{1}$ , $\alpha_{2}$ , a3 , $\alpha_{4}+\alpha_{5},$ $-\alpha_{5}$).
There is the following relation between the generators of type $A_{5}^{(1^{\backslash }}$’ and holomor-
phic boundary coordinate systems of the system (5):
$s$ : $(x,y, z,w)arrow(x+\alpha/y,y,z, w)\approx$ $(X,Y, Z, W)=1/\mathrm{x},$ $-x(yx+\alpha),z$ , $w)$ .
Let us describe the above relation between all generators of type $A_{5}^{(1]}$ and holo-
morphic boundary coordinate systems as follows:
Holomorphic boundary coordinate systems with regard to the transformations $s_{i}$
$s_{0}$ : $x_{0}=-((x-t)y-\alpha_{0})y$ , $y_{0}=1/y$ , $z_{0}=z$ , $w_{0}=w$ ,
$s_{1}$ : $x_{1}=1/x$ , $y_{1}=-(xy+\alpha_{1})x$ , $z_{1}=z,$ $w_{1}=w$ ,
151
HIGHER ORDER PAINLEV\’E EQUATIONS OF TYPE $D_{l}^{(1)}$
$s_{2}$ : $x_{2}=-((x-z)y-\alpha_{2})y$ , $y_{2}=1/y$ , $z_{2}=z$ , $w_{2}=w+y$ ,
$s_{3}$ : $x_{3}=x$ , $y_{3}=y$ , $z_{3}=1/z$ , $w_{3}=-(zw+\alpha_{3})z$ ,
$s_{4}$ : $x_{4}=x$ , $y_{4}=y$ , $z_{4}---(zw-\alpha_{4})w$ , $w_{4}=1/w$ ,
$s_{5}$ : $x_{5}=1/x$ , $y_{5}=-((y+w-1)y+\alpha_{5})x$ , $z_{5}=z-x$ , $w_{5}=w$ .
Remark 2.1. Considering the relation between the generator $s_{2}$ and the boundary
coordinate system $(x_{2}, y_{2}, z_{2}, w_{2})$ , we take the linear symplectic transformation $m$ :
$(x, y, z, w)$ $arrow(x-z, y, z, w+y)$ . Then it is easy to see that
$m^{-1}s_{2}m$ : $(xy\}’ z, w)arrow(x,y-\alpha_{2}/x, z, w)$ .
Each coordinate system is a holomorphic coordinate system with a three-parameter
family of meromorphic solutions of the system of type $A_{5}^{(1)}$ as the initial conditions.
These coordinate systems can be obtained by blowing up accessible singular points
in the boundary divisor $H\cong \mathrm{P}^{3}$ of $\mathrm{P}^{4}$ .
By using the above relations, we can show the following proposition.
Proposition 2-1. $Lei$ us consider an algebraic and Hamiltonian differential system
with Hamiltonian $H\in C(t)[x, y, z, w]$ . We assume that
(A1) $deg(H)$ $=4$ with respect to $x,y$ , $z$ , $w$ .
(A2) This system has holomor phic boundary coordinate systems $(x_{i}, y_{i}, z_{i}, w_{i})(\mathrm{i}=$
$0,1$ , .., 5).
Then such a system coincides with the system (5),
By Proposition 2.1, we will now see that – rather than assuming the condition
that algebraic and Hamiltonian differential systems have symmetry under the affine
Weyl group of type $A_{5}^{(1\rangle}-$ we can research the algebraic ordinary differential systems
here under the assumption that algebraic and Hamiltonian differential system has
holomorphic boundary coordinate systems associated with the generators of the
affine Weyl group of type $A_{5}^{\langle 1)}$ .






Here, $x$ , $y$ , $z$ and $w$ denote unknown complex variables, and $\mathrm{a}\mathrm{O}$ , $\alpha_{1}$ , .., $\alpha_{4}$ are complex
parameters with $\alpha_{0}+\alpha_{1}+\alpha_{2}+$ Q3 $+$ a $4=-1$ . The above differential system (6) is
a Hamiltonian system, whose Hamiltonian $H_{A_{4}^{(1)}}$ is explicitly written as follows:
$H_{A_{4}^{(1)}}(x,y, z, w, t;\alpha_{0}, .., \alpha_{4})=x^{2}y+xy^{2}-txy$
$+\alpha_{1}x-(\alpha_{2}+\alpha_{4})y$
$+z^{2}w+zw^{2}-tzw+\alpha_{3}z-\alpha_{4}w+2yzw$ .
The system (6) admits action of the affine Weyl group $<s_{0}$ , $s_{1)}s_{2}$ , $s_{3}$ , $s_{4}>\mathrm{o}\mathrm{f}$
type $A_{4}^{(1)}$ as group of the B\"acklund transformations. By using the notation $(*):=$
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$(x, y, z, w, t,\cdot \alpha_{0}, \alpha_{1}, \alpha_{2}, \alpha_{3}, \alpha_{4})$ , the generators $s_{0}$ , $s_{1}$ , .., $s_{4}$ are explicitly written as
follows:
$s_{0}$ : $(*)arrow(X+\ovalbox{\tt\small REJECT}\alpha x+y+w-t$ , $y- \frac{\alpha 0}{x+y+w-\mathrm{t}}$ , $z+ \frac{a\mathrm{o}}{x+y+w-t}$ , $w$ , $t;-\alpha_{0}$ , $\alpha_{1}+\alpha_{0}$ , $\alpha_{2}$ , $\alpha_{3}$ , $\alpha_{4}+$
$\alpha_{0})$ ,
$s_{1}$ : $(*) arrow(x+\frac{\alpha_{1}}{y}, y, z, w, t;\alpha_{0}+\alpha_{1}, -\mathrm{a}_{1}, \alpha_{2}+\alpha_{1}, \alpha_{3}, \alpha_{4})$,
$s_{2}$ : $(*) arrow(x, y-\frac{\alpha_{2}}{x-z}, z, w+_{\overline{x}-\overline{z}}^{\mathrm{p}\alpha}, t;\alpha_{0}, \alpha_{1}+\alpha_{2}, -\alpha_{2}, \alpha_{3}+\alpha_{2}, \alpha_{4})$ ,
$s_{3}$ : $(*)arrow(x, y, z+_{w}^{\mathrm{g}\alpha}, w, t;\alpha_{0}, \alpha_{1)}\alpha_{2}+\alpha_{3}, -\alpha_{3}, \alpha_{4}+\alpha_{3})_{2}$
$s_{4}$ : $(*) arrow(x, y, z, w-\frac{\alpha_{4}}{z}, t;\alpha_{0}+\alpha_{4}, \alpha_{1}, \alpha_{2}, \mathrm{a}_{3}+\alpha_{47}-\alpha_{4})$ .
There is the following relation between the generators of type $A_{4}^{(1)}$ and holomor-
phic boundary coordinate systems of the system (6):
$s$ : $(x, y, z, w)arrow(x+1/\mathrm{y}, y, z, w)\Leftrightarrow(X, Y, Z, W)=1/\mathrm{y},$ $-((x+\alpha), z, w)$ .
Let us describe the above relation between all generators of type $A_{4}^{(1)}$ and holo-
morphic boundary coordinate systems as follows:
Holomorphic boundary coordinate systems with regard to the transformations $s_{\iota}$
$s_{0}$ : $x_{0}=-((x+y+w-t)y-\alpha_{0})y$, $y_{0}=1/y$ , $z_{0}=z+y$ , $w_{0}=w$ ,
$s_{1}$ : $x_{1}=1/x$ , $y_{1}=-(xy+\alpha_{1})x_{J}z_{1}=z$, $w_{1}=w$ ,
$s_{2}$ : $x_{2}=-((x-z)y-\alpha_{2})y$, $y_{2}=1/y$ , $z_{2}=z$ , $w_{2}=w+y$ ,
$s_{3}$ : $x_{3}=x$ , $y_{3}=y$ , $z_{3}=1/z$ , $w_{3}=-(zw+\alpha_{3})z$,
$s_{4}$ : $x_{4}=x$ , $y_{4}=y$ , $z_{4}=-(zw-\alpha_{4})w$ , $w_{4}=1/w$ .
Remark 2.2. Considering the relation betw $een$ the generator $s_{2}$ and the boundar$ry$
coordinate system $(x_{2}, y_{2}, z_{2},, w_{2})$ , we take the linear symplectic transformation $m$ :
$(x, y, z, w)$ $arrow(x-z,y, z, w+y)$ . Then it is easy to see that
$m^{-1}s_{2}m$ : $(x, y, z, w)arrow(x, y-\alpha_{2}/x, z, w)$ .
Each coordinate system is a holomorphic coordinate system with a three-parameter
family of meromorphic solutions of the system (6) as the initial conditions. These
coordinate systems can be obtained by blowing up accessible singular points in the
boundary divisor $H\cong \mathbb{P}^{3}$ of $\mathbb{P}^{4}$ .
By using the above relations, we can show the following proposition.
Proposition 2.2. Let us consider an algebraic and Hamiltonian differential system
with Hamiltonian $H\in C(t)[x, y, z, w]$ . We assume that
(A1) $deg(H)=3$ with respect to $x$ , $y$ , $z,w$ .
(A2) This system has holomor phic boundary coordinate systems $(x_{i}, y_{i}, z_{i}, w_{i})(\mathrm{i}=$
$0,1$ , .., 4).
Then such a system coincides with the system (6).
By Proposition 2.2, we will now see that – rather than assuming the condition
that algebraic and Hamiltonian differential systems have symmetry under the affine
Weyl group of type $A_{4}^{(1)}-$we can research the algebraic ordinary differential systems
here under the assumption that algebraic and Hamiltonian differential systems have
holomorphic boundary coordinate systems associated with the generators of the
affine Weyl group of type $A_{4}^{(1)}$ .
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3. AN APPROACH FOR OBTAINING SYSTEM (1)
Much effort has been made to investigate the algebraic ordinary differentia\dagger sys-
tems with symmetry under the afine Weyl group of type $D_{6}^{(1)}$ , but these systems
have not yet been found. Taking a hint bon the representation of the affine Weyl
groups of type $A_{4}^{(1\rangle}$ and $A_{5}^{(1)}$ ; (see [7]), we consider Problem 1. We do not yet have
the explicit description of the symmetry under the affine Weyl group of type $D_{6}^{(1)}$
with respect to $x$ , $y$ , $z$ , $w$ , so we will construct the symmetry under the affine Weyl
group of type $D_{6}^{(1)}$ by using a part of the symmetry under the affine Weyl groups
of type $A_{4}^{(1)}$ and type $A_{5}^{(1)}$ . In the case of the Pa mleve systems, the affine Weyl
groups $W(A_{2}^{(1)})$ , $W(A_{3}^{(1)})$ and $W(D_{4}^{(1)})$ have a common subgroup, which is isomor-
phic to the classical Weyl group $W(A_{2})$ . Here, the elements $u_{i}$ of the subgroup
$W(A_{2})=<u_{1}$ , $u_{2}>$ are explicitly written as follows:
$u_{1}$ : $(x, y) arrow(x+\frac{\gamma_{1}}{y}, y)$ , $u_{2}$ : $(x, y) arrow(x, y-\frac{\gamma_{2}}{x})$ .
Here, $\gamma_{1}$ and $\gamma_{2}$ are constant parameters.
$P_{IV}$ $P_{V}$
$P_{VI}$
These transformations $u_{1}$ , $u_{2}$ correspond to holomorphic boundary coordinate sys-
tems $(x,,, y_{i})(\mathrm{i}=1, 2)$ , which are explicitly written as follows:
$(x_{1}, y_{1}):=(1/x, -(xy+\gamma_{1})x)$ , $(x_{2_{1}}y_{2}):=(-(xy-\gamma_{2})y_{7}1/y)$ .
Moreover, these transformations $u_{1}$ , $u_{2}$ correspond to the accessible singular points




Proposition 3.1. Let us consider an algebraic and Hamiltonian differential system
with Hamiltonian $H\in \mathbb{C}(t)[x,y]$ . We assume that
(A1) $deg(H)=5$ with respect to $x$ , $y$ .
(A2) This system has holomorphic boundary coordinate systems $(x_{i}, y_{i})(\mathrm{i}=1,2)$
associated with the generators of the Weyl group $W(A_{2})=<u_{1}$ , $u_{2}>$ , which are
explicitly given as follows:
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$u_{1}$ : $(\mathrm{x}, y_{1}):=(1/x, -(xy+\gamma_{1})x)$ ,
$u_{2}$ : $(x_{2}, y_{2}):=(-(xy-\gamma_{2})y, 1/y)$ .




Here, $a_{1}$ , $a_{2}$ , .., $a_{6}$ are unknown rational functions in $t$ .
By the above proposition, if algebraic and Hamiltonian differential systems in
dimension two with the condition (A) (given in Section 1) have symmetry under the
group $W(A_{2})=<u_{1}$ , $u_{2}>$ , then the part of degree 2 with respect to $x$ , $y$ in the right
hand side of this differential system is determined by the transformations $u_{1}$ , $u_{2}$ . In
the case of dimension 4, it is easy to see that the affine Weyl groups $W(A_{5}^{(1\rangle})$ and
$W(A_{4}^{(1)})$ have a common subgroup $W$, which is isomorphic to the classical Weyl
group $W(A_{4})$ . Here, the elements $g_{i}$ of the subgroup $W\{A_{4}$ ) $=<g_{1},g_{2}$ , $g_{3}$ , $g_{4}>$ are
explicitly written as follows:
$D_{6}^{(1)}$
$g_{1}$ : $(x, y, z, w) arrow(_{X_{\}}}y, z+\frac{\gamma_{1}}{w}, w)$ , $g_{2}$ : $(x, y, z, w) arrow(x, y_{2}z, w+\frac{\gamma_{2}}{z})$ ,
$g_{3}$ : $(x, y, z, w) arrow(x+\frac{\gamma_{3}}{y}\}y, z, w)$ , $g_{4}$ : $(x, y, z, w) arrow(x,y-\frac{\gamma_{4}}{x-z}, z, w+\frac{\gamma_{4}}{x-z})$ .
Here, $\gamma_{1}$ , $\gamma_{2}$ , $\gamma_{3}$ and $\gamma_{4}$ are constant parameters.
Proposition 3.2. Let us consider an algebraic and Hamiltonian differential systems
with Hamiltonian $H\in \mathbb{C}(t)[x, y, z, w]$ . We assume that
(A1) $deg(H)=5$ with respect to $x,y$ , $z$ , $w$ .
(A2) This system has holomorphic boundary coordinate systems $(x_{i)}y_{i}, z_{i}, w_{i})(\mathrm{i}=$
$1,2$ , 3, 4) associated with the generators of the Weyl group $W(A_{4})=<g_{1}$ , $g_{2}$ , $g_{3},g_{4}>$ ,
which are explicitly given as follows:
$g_{1}$ : $x_{1}=x$ , $y_{1}=y$ , $z_{1}=1/z$ , $w_{1}=-z(zw+\gamma_{1})$ ,
$g_{2}$ : $x_{2}=x$ , Y2 $=y$ , $z_{2}=-w(zw+\gamma_{2})$ , $w_{2}=1/w$ ,
$g_{3}$ : $x_{3}=1/x$ , $y_{3}=-x(xy+\gamma_{3})$ , $z_{3}=z$ , $w_{3}--w$ ,
$g_{4}$ : $x_{4}=-((x-z)y+\gamma_{4})y$ , $y_{4}=1/y$ , $z_{4}=z$ , $w_{4}=y+w$ .
Then such a system is explicitly given as follows:
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Here, $b_{1}$ , $b_{2}$ , .., $b_{7}$ are unknown rational functions in $t$ . Furthermore, the Hamiltonian





By the above proposition, if algebraic and Hamiltonian differential systems in
dimension 4 with the condition $\tilde{v}\in H^{0}(\mathrm{P}^{4}, \Theta_{1\mathrm{P}^{4}}(-\log \mathcal{H})(n??))$ $(n=1,2,3)$ have
symmetry under the group $W(A_{4})=<g_{1},g_{2}$ , $g_{3}$ , $g_{4}>$ , then the part of degree 2 with
respect to $x$ , $y$ , $z$ , ut in the right hand side of this differential system is determined
by the transformations $g_{1}$ , $g_{2},g_{3}$ , $g_{4}$ .
4. PROOF OF THEOREM 1.2
As is well-known, the degeneration from $P_{VI}$ to $P_{V}$ ; (see [16],[17]) is given by
$\alpha_{0}=\epsilon^{-1},0_{1}=A_{3}$ , a3 $=A_{0}-A_{2}-\epsilon^{-1}$ , $\alpha_{4}=A_{17}$
$t=1+\epsilon T$, $(x-1)(X-1)$ $=1$ , $(x-1)y+(X-1)Y=-A_{2}$ .
Notice that $A_{0}+A_{1}+A_{2}+$ $A_{3}=\alpha_{0}+\alpha_{1}+2\alpha_{2}+$ (k3 $+\alpha_{4}=1$ and the change of
variables from $(q, p)$ to $(Q, P)$ is symplectic.
As the fourth-order analogue of the above confluence process, we consider the
following coupling confluence process from the system (4). We take the following
coupling confluence process $P_{VI}arrow P_{V}$ for each coordinate system $(x, y)$ and $(z, w)$
of the system in (4)
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$\alpha_{0}=\epsilon^{-1}$ , $\alpha_{1}=A_{3}$ , $\alpha_{2}=A_{2}$ , $\alpha_{3}=A_{1}-B_{1}$ , $\alpha_{i}=B_{2}$ , a5 $=B_{0}-B_{2}-\epsilon^{-1}$ , $\mathrm{a}_{6}=B_{1}$ ,
$B_{0}=1-2A_{1}-2A_{2}-A_{3}+B_{1}-B_{2}$ , $t=1+\epsilon T$, $(x-1)(X-1)=1$ , $(z-1)(Z-1)=1$ ,
$(x-1)y+(X-1)Y=-A_{2}$ , $(z-1)w+(Z-1)W=-B_{2}$ ,
and take the limit $\epsilon$ $arrow 0$ . Moreover, by the following transformation $\varphi$
$\varphi$ : ($X$, $Y$, $Z$, $W$, $T;A_{1}$ , $A_{2}$ , A3, $B_{1}$ , $B_{2}$ ) $arrow(-tx, -y/t, -tz, -w/t, -t;\alpha_{2}+\alpha_{4}, \alpha_{1}, \alpha_{0}, \alpha_{4}, \alpha_{3})$ ,







5. THE SYSTEM OF TYPE $D_{5}^{\langle 1)}$
In this section, we present a 5-parameter family of algebraic ordinary differential
equations that can be considered as coupled Painleve $\mathrm{V}$ systems in dimension four,









Here $x$ , $y$ , $z$ and $w$ denote unknown complex variables, and $\mathrm{a}\mathrm{O}$ ) $\alpha_{1}$ , .., $\alpha_{5}$ are complex
parameters satisfying the following relation:
$\alpha_{0}+\alpha_{1}+2\alpha_{2}+2\alpha_{3}+\alpha_{4}+\alpha_{5}=1$ .
Theorem 5.1. The system (7) is invariant under the transformations $s_{0}$ , $s_{1}$ , .., $s_{5}$ , $\pi_{1}$ , $\pi_{2}$ ,
$\pi_{3}$ and $\pi_{4}$ defined as follows: with the notation $(*):=$ ($x,y$ , $z$ , $w_{7}t;\alpha_{0}$ , $\alpha_{1}$ , $\alpha_{2}$ , $\alpha_{3}$ , a4 , $\alpha_{5}$ ),
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$\pi_{1\alpha}$
$s_{0}$ : ( $x$ , $y$ , $z$ , $w$ , $t;\alpha_{0}$ , a1 , $\alpha_{2)}\alpha_{3}$ , $\alpha_{4}$ , $\alpha_{5}$ ) $arrow(x+\frac{\alpha_{0}}{y+t}, y, z, w, t;-\alpha_{0)}\alpha_{1}, \alpha_{2}+\alpha_{0}, \alpha_{3}, \alpha_{4}, \alpha_{5})$ ,
$s_{1}$ : $(x, y, z, w, t;\alpha_{0}, \alpha_{1}, \alpha_{2}, \alpha_{3}, \alpha_{4}, \alpha_{5})arrow$ ( $x+ \frac{\alpha_{1}}{y}$ , $y$ , $z$ , $w$ , $t;\alpha_{0},$ $-\alpha_{1}$ , $\alpha_{2}+\alpha_{1}$ , a3, $\alpha_{4}$ , a5),
$s_{2}$ : ( $x$ , $y$ , $z$ , $w$ , $t;\alpha_{0}$ , $\alpha_{1}$ , $\alpha_{2}$ , a3, $\alpha_{4}$ , $\alpha_{5}$ ) $arrow$
$(x, y- \frac{\alpha_{2}}{x-z}, z, w+\frac{\alpha_{2}}{x-z},t;\alpha_{0}+\alpha_{2}, \alpha_{1}+\alpha_{2}, -\alpha_{2}, \alpha_{3}+\alpha_{2}, \alpha_{4}, \alpha_{5})$ ,
$s_{3}$ : ( $x$ , $y$ , $z$ , $w$ , $t;\alpha_{0}$ , $\alpha_{1}$ , $\alpha_{2}$ , a3 , $\alpha_{4}$ , $\alpha_{5}$ ) $arrow(x, y, z+\frac{\alpha_{3}}{w}, w, t;\alpha_{0}, \alpha_{1_{7}}\alpha_{2}+\alpha_{3}, -\alpha_{3}, \alpha_{4}+\alpha_{3}, \alpha_{5}+\alpha_{3})$ ,
$s_{4}$ : $(x, y, z, w, t; \alpha_{0}, \alpha_{1}, \alpha_{2}, \alpha_{3}, \alpha_{4}, \alpha_{5})arrow(x, y, z, w-\frac{\alpha_{4}}{(z-1)}, t;\alpha_{0}, \alpha_{1}, \alpha_{2}, \alpha_{3}+\alpha_{4}, -\alpha_{4}, \alpha_{5})$ ,
$s_{5}$ : $(x_{1}y, z, w, t; \alpha_{0}, \alpha_{1}, \alpha_{2}, \alpha_{3}, \alpha_{4}, \alpha_{5})arrow(x, y, z, w-\frac{\alpha_{5}}{z}, t;\alpha_{0}, \alpha_{1}, \alpha_{2}, \alpha_{3}+\alpha_{5}, \alpha_{4}, -\alpha_{5})$ ,
$\pi_{1}$ : $(x, y, z, w, t;\alpha_{0}, \alpha_{1}, \alpha_{2}, \alpha_{3}, \alpha_{4}, \alpha_{5})arrow(1-x, -y-t, 1-z, -w, t;\alpha_{1}, \alpha_{0}, \alpha_{2}, \alpha_{3}, \alpha_{5}, \alpha_{4})$ ,
$\pi_{2}$ : $(x, y, z, w, t;\alpha_{0}, \alpha_{1}, \alpha_{2}, \alpha_{3}, \alpha_{4}, \alpha_{5})arrow((y+w+t)/t, -t(z-1),$ $(y+t)/t,$ $-t(x-z),$ $-t$ ;
$\alpha_{5}$ , $\alpha_{4}$ , $\alpha_{3}$ , $\alpha_{2}$ , $\alpha_{1}$ , $\alpha_{0})$ ,
$\pi_{3}$ : $(x,y, z, w,t;\alpha_{0}, \alpha_{1}, \alpha_{2}, \alpha_{3}, \alpha_{4}, \alpha_{5})arrow$ ( $1-x,$ $-y$ , $1-z,$ $-w,$ $-t$ ;a 0, $\alpha_{1}$ , $\alpha_{2}$ , $\alpha_{3}$ , $\alpha_{5}$ , $\alpha_{4}$),
$\pi_{4}$ : (x, y, z, w, $t;\alpha_{0}$ , $\alpha_{1}$ , $\alpha_{2}$ , a3, a4, $\alpha_{5}$ ) $arrow(x,y+t,$z, w,$-t;\alpha_{1}, \alpha_{0}, \alpha_{2}, \alpha_{3}, \alpha_{4}, \alpha_{5})$ .





Theorem 5.2. The transformations described in Theorem 5.1 define a representa-
tion of the affine Weyl group of type $D_{5}^{(1)}$ , that is, they satisfy the following relations:
$s_{0^{2}}=s_{1^{2}}=s_{2^{2}}=s_{3^{2}}=s_{4^{2}}=s_{\overline{\partial}}^{2}=(\pi_{1^{2}})=(\pi_{2^{2}})=1$ , $(s_{0}s_{1})^{2}=(s_{0}s_{3})^{2}=$
$(s_{0}s_{4})^{2}=(s_{0}s_{5})^{2}=(s_{1}s_{3})^{2}=(s_{1}s_{4})^{2}=(s_{1}s_{5})^{2}=(s_{2}s_{4})^{2}=(s_{2}s_{5})^{2}=1$, $(s_{4}s_{5})^{2}=$
$(s_{0}s_{2})^{3}=(s_{1}s_{2})^{3}=(s_{2}s_{3})^{3}=(s_{3}s_{4})^{3}=(s_{3}s_{5})^{3}=1$ , $\pi_{1}(s_{0}, s_{1}, s_{2}, s_{3}, s_{4}, s_{5})=$
$(s_{1}, s_{0}, s_{2}, s_{3}, s_{5}, s_{4})\pi_{1}$ , $\pi_{2}(s_{0}, s_{1}, s_{2}, s_{3}, s_{4}, s_{5})=(s_{5}, s_{4}, s_{3)}s_{2}, s_{1}, s_{0})\pi_{2}$ , $\pi_{3}(s_{0},$ $s_{1}$ , $s_{2}$ , $s_{3}$ ,
$s_{4}$ , $s_{5})=(s_{0}, s_{1}, s_{2}, s_{3}, s_{5}, s_{4})\pi_{3}$ , $\pi_{4}(s_{0}, s_{1}, s_{2}, s_{3}, s_{4}, s_{5})=(s_{1}, s_{0}, s_{2\}}s_{3}, s_{4}, s_{5})\pi_{4}$ .
$.’.-\wedge..\backslash \backslash$..$\cdot$
$,. \backslash \int v..+..t^{:},\cdot$
Dynkin
$\downarrow$
Our differential system Hamil-
tonian $H$ is given as follows:
$H=H_{V}(x, y_{7}t;\alpha_{2}+\alpha_{5}, \alpha_{1}, \alpha_{2}+2\alpha_{\mathit{3}}+\alpha_{4})+H_{V}(z, w, t;\alpha_{5}, \alpha_{3}, \alpha_{4})$
(8)
$+ \frac{2yz\{(z-1)w+\alpha_{3}\}}{t}$ .
Here, the symbol $H_{V}(q,p\}t;\gamma_{1}, \gamma_{2}, \gamma_{3})$ denotes the Hamiltonian of the second-order
Painleve $\mathrm{V}$ systems, which is given as follows:
$H_{V}(q,p,t; \gamma_{1}, \gamma_{2}, \gamma_{3})=\frac{q(q-1)p(p+t)-(\gamma_{1}+\gamma_{3})qp+\gamma_{1}p+\gamma_{2}tq}{t}$.
In addition to Theorems 5.1 and 5.2, we will prove that the system (7) degenerates
to the system of type $A_{4}^{\{1)}$ by taking the coupling confluence process of $P_{V}arrow P_{IV}$ .
Theorem 5,3. For the system (7) of type $D_{5}^{(1_{\grave{\mathit{1}}}}$ , we make the change of parameters
and variables
$\alpha_{0}=A_{0}-A_{2}-A_{3}+\frac{1}{2}\epsilon^{-2}$, $\alpha_{1}=A_{1}$ , $\alpha_{2}=A_{2}$ , $\alpha_{3}=A_{3}$ , $\alpha_{4}=-\frac{1}{2}\epsilon^{-2}$ , $\mathrm{a}_{5}=A_{4}$ ,
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from $\alpha_{0\}}\alpha_{1}$ , $\alpha_{2}$ , Q3, $\alpha_{4},$ $\alpha_{\check{\mathrm{i}\}}}$ , $t$ , $x$ , $y,$ $z$ , $w$ to $A_{0}$ , $A_{1}$ , $A_{2}$ , A3, $A_{4}$ , $\epsilon$ , $T$, $X$, $Y$, $Z$, W. Then the
system (7) can also be written in the new variables $T$, $X$, $Y$, $Z$, $W$ and parameters
$A_{0}$ , $A_{1}$ , $A_{2}$ , A3 , $A_{4}$ , $\epsilon$ as a Hamiltonian system. This new system tends to the system
of type $A_{4}^{(1)}$ as $\epsilonarrow 0$ .
It is well-known that the fifth Painleve equation $P_{V}$ has a confluence to the third
Painleve equation $P_{III}$ , where two accessible singularities come together into a single
singularity. This suggests the possibility that there exists a procedure for search-
ing for fourth-order versions of Painleve III, by using Takano’s description of the
confluence process; (see [16],[17]) from $P_{V}$ to $P_{III}$ for the coordinate systems $(x, y)$
and $(z, w)$ , respectively. In this vein, the goal of this work is to find a fourth-order
version of the Painleve In equation with symmetry under the group which degen-
erates from the affine Weyl group of type $D_{5}^{(1)}$ by the coupling confluence process.
In this paper, we also present a 4-parameter family of algebraic ordinary differential
equations that can be considered as coupled Painleve’ III systems in dimension four,






Here $x$ , $y$ , $z$ and $w$ denote unknown complex variables and $\alpha_{0}$ , $\alpha_{1}$ , $\alpha_{2}$ , a3 and $\alpha_{4}$ are
complex parameters satisfying the following relation:
$\mathrm{a}_{0}+\alpha_{1}+2\alpha_{2}+2\alpha_{3}+2\alpha_{4}=1$.
Theorem 5.4. The system (7) is invariant under the transformations Sq, $s_{1}$ , .., $s_{4}$ , $\pi_{1}$ ,
$\pi_{2}$ defined as follows: with the notation $(*):=(x, y, z, w, t;\alpha_{0}, \alpha_{\mathrm{I}}, \alpha_{2}, \alpha_{3}, \alpha_{4})$,
$\pi_{1}$
$s_{0}$ : $(*) arrow(x+\frac{\alpha_{0}}{y-1}, y, z, w, t;-\alpha_{0}, \alpha_{1}, \alpha_{2}+\alpha_{0}, \alpha_{3}, \alpha_{4})$ ,
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$s_{1}$ : $(*) arrow(x+\frac{\alpha_{1}}{y}, y)z$ , $w$ , $t;\alpha_{0},$ $-\alpha_{1}$ , $\alpha_{2}+\alpha_{1}$ , $\alpha_{3}$ , $\alpha_{4})$ ,
$s_{2}$ : $(*) arrow(x, y-\frac{\alpha_{2}}{x-z}, z, w+\frac{\alpha_{2}}{x-z})t;\alpha_{0}+\alpha_{2}$, $\alpha_{1}+\alpha_{2}$ , -a 2, $\alpha_{3}+\alpha_{2}$ , $\alpha_{4}$ ),
$s_{3}$ : $(*)arrow$ ( $x$ , $y$ , $z+ \frac{\alpha_{3}}{w}$ , $w,t;\alpha_{0}+$ , $\alpha_{1}$ , a $2+\alpha_{3},$ $-\alpha_{3}$ , $\alpha_{4}+\alpha_{3}$ ),
$s_{4}$ : $(*) arrow(x, y, z,w-\frac{2\alpha_{4}}{z}+\frac{t}{z^{2}}, -t;\alpha_{0}, \alpha_{1}, \alpha_{2)}\alpha_{3}+2\alpha_{4}, -\alpha_{4})$ ,
$\pi_{1}$ : $(*)arrow(-x, 1-y, -z, -w, -t;\alpha_{1}, \alpha_{0}, \alpha_{2}, \alpha_{3}, \alpha_{4})$ ,
$\pi_{2}$ : $(*) arrow(\frac{t}{z}, -\frac{z}{t}(zw+\alpha_{3}),$ $\frac{t}{x},$ $- \frac{x}{t}(xy+\alpha_{1}),$ $t_{7}.2\alpha_{4}+\alpha_{3}$ , $\alpha_{3}$ , $\alpha_{2}$ , $(\alpha_{0}-\alpha_{1})/2$ , $\alpha_{1})$ .
Theorem 5.5. The transfor mations described in Theorem 5.4 define a representa-
tion of the affine Weyl group of type $B_{4}^{(1)}$ , that is, they satisfy the following relations:
$s_{0^{2}}=s_{1^{2}}=s_{2^{2}}=s_{3^{2}}=s_{4^{2}}=(\pi_{1^{2}})=(\pi_{2^{2}})=1$, $(s_{0}s_{1})^{2}=(s_{0}s_{3})^{2}=(s_{0}s_{4})^{2}=$
$(s_{1}s_{3})^{2}=(s_{1}s_{4})^{2}=(s_{2}s_{4})^{2}=1$ , $(s_{0}s_{2})^{3}=(s_{1}s_{2})^{3}=(s_{2}s_{3})^{3}=1$ , $(s_{3}s_{4})^{4}=$
$1$ , $\pi_{1}s_{0}=s_{1}\pi_{1}$ , $\pi_{1}s_{1}=s_{0}\pi_{1}$ , $\pi_{1}s_{2}=s_{2}\pi_{1}$ , $\pi_{1}s_{3}=s_{3}\pi_{1}$ , $\pi_{1}s_{4}=s_{4}\pi_{1}$ .
Our differential system is equivalent to a Hamiltonian system. The Hamiltonian




Theorem 5.6. For the system (7) of type $D_{5r}^{(1)}$ we make the change of parameters
and variables
$\alpha_{0}=A_{0}$ , $\alpha_{1}=A_{1}$ , $\alpha_{2}=A_{2}$ , $\alpha_{3}=A_{3}$ , $\alpha_{4}=2A_{4}-\frac{1}{\epsilon}$ , a5 $= \frac{1}{\epsilon}$ ,
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$\beta_{2}=A_{4}$ , $\beta_{3}=2A_{3}-\epsilon^{-1}$ , $t=-\epsilon T$ , $x=1$ $+ \frac{X}{\epsilon T}$ , $y=\epsilon;TY$, $z=1+ \frac{Z}{\epsilon T}$ , $w=\epsilon TW$,
from $\alpha_{0}$ , $\alpha_{1}$ , $\alpha_{2}$ , a3, $\alpha_{4}$ , $\alpha_{5},t$ , $x$ , $y$ , $z$ , $w$ to Ao, $A_{1}$ , $A_{2}$ , A3, $A_{4}$ , $\epsilon$ , $T$, $X$, $Y$, $Z$, W. Then the
system (7) can also be written in the new variables $T$, $X$ , $Y$, $Z$ , $W$ and parameters
$A_{0}$ , $A_{1}$ , $A_{2}$ , A3, $A_{4}$ , $\epsilon$ as a Hamiltonian system. This neev system tends to the system
(9) of type $B_{4}^{(1)}$ as $\epsilonarrow 0$ .
By the following theorem, we show how the degeneration process in Theorem 5.6
works on the B\"acklund transformation group $W(D_{5}^{(1)})=<s_{0}$ , $s_{1}$ , .., $s_{5}>$ described
in Theorem 5.1.
Theorem 5,7. For the degeneration process in Theorem 5.6, we can choose a sub-
group $W_{D_{5}^{(1)}arrow B_{4}^{(1)}}$ of the B\"acklund transformation group $W(D_{\acute{\mathrm{a}}}^{(1)})$ so that $W_{D_{5}^{(1)}arrow B_{4}}(1)$
converges to $W(B_{4}^{(1\rangle})$ as $\epsilon$ $arrow 0$ .
6. PROOF OF THEOREM 5.3
As is well-known, the degeneration from $P_{V}$ to $P_{IV}$ ; (see [16]) is given by
$\alpha_{0}=A_{0}+\frac{1}{2}\epsilon^{-2}$ , $\alpha_{1}=A_{}\wedge’\alpha_{2}=A_{2}$ , $\alpha_{3}=-\frac{1}{2}\epsilon^{-2}$ ,
$t= \frac{1}{2}\epsilon^{-2}(1+2\epsilon T)$ , $x=- \frac{\epsilon X}{1-\epsilon X}$ , $y=-\epsilon^{-1}(1-\epsilon X)[Y-\epsilon(A_{1}+XY)]$ ,
As the fourth-order analogue of the above confluence process, we consider the
following coupling confluence process from the system (7) by taking the above pro-
cess for each coordinate system $(x, y)$ and $(z, w)$ in (7), respectively. If we take the
following coupling confluence process $P_{V}arrow P_{IV}$ for each coordinate system $(x, y)$
and $(z, w)$ in (7)
$\alpha_{0}=A_{0}-A_{2}-A_{3}+\frac{1}{2}\epsilon^{-2}$ , $\alpha_{1}=A_{1}$ , $\alpha_{2}=A_{2}$ , $\alpha_{3}=A_{3}$ , $\alpha_{4}=-\frac{1}{2}\epsilon^{-2}$ , $\alpha_{5}=A_{4}$ ,
$t= \frac{1}{2}\epsilon^{-2}(1+2\epsilon T)$ , $x=- \frac{\epsilon X}{1-\in X}$ , $y=-\epsilon^{-1}(1-\epsilon X)[Y-\epsilon(A_{1}+XY)]$ ,
$z=- \frac{\epsilon Z}{1-\in Z}$ , $w=-\epsilon^{-1}(1-\epsilon Z)[W-\epsilon(A_{3}+XY)]$ ,









Remark 6.1. The system (11) is invariant under the transfo rmations $s_{0}$ , $s_{1}$ , .., $s_{4}$
defined as follows: with the notation $(*):=(x, y, z\} w, t;A_{0}, A_{1}, A_{2}, A3, A_{4})_{f}$
$s_{0}.’(*) arrow(x-\frac{2A_{\mathrm{D}}}{x-2y-2\tau v+2\mathrm{t}},$ $y- \frac{A_{1\mathrm{J}}}{\overline{x-}2y-2w+2t}$ , $z- \frac{2A_{\mathrm{D}}}{x-2y-2w+2t}$ , $w$ , $t;-A_{0}$ , $A_{1}+A_{0}$ , $A_{2\}}A_{3}$ , $A_{4}+$
$A_{0})$ ,
$s_{1}$ : $(*)arrow$ ( $x+_{y}^{\underline{A}_{\mathrm{A}}}$ , $y$ , $z$ , $w$ , $t;A_{0}+A_{1}$ , -A2, $A_{2}+A_{1}$ , A3, $A_{4}$ ),
$s_{2}$ : $(*) arrow(x, y-\frac{A_{2}}{x-z}, z, w+_{\vec{x-}\overline{z}}^{A},t;A_{0}, A_{1}’+A_{2}, -\mathrm{A}2, A_{3}+A_{2}, A_{4})$,
$S_{3}$ : $(*)arrow$ ( $x$ , $y$ , $z+_{w}^{A}-s$ , $w$ , $t;A_{0}$ , $A_{1}$ , AuAa, -A3, $A_{4}+$A3,
$s_{4}$ : $(*)arrow(\mathrm{x},\mathrm{y}, z,w_{z}-\ ,t;A_{0}+A_{4}, A_{1},A_{2}, A_{3}+A_{4}, -A_{4})$ .
These transformations are generators of the affine Weyl group $<s_{0}$ , $s_{1}$ , $s_{2}$ , $s_{3}$ , $s_{4}>$
of type $A_{4}^{(1)}$ .
7. Proof OF THEOREM 5.7
The degeneration process bom the system (7) to the system (9) in Theorem 5.6
is given by
$\alpha_{0}=A_{0},$ $\alpha_{1}=A_{1}$ , $\alpha_{2}=A_{2}$ , $\alpha_{3}=A_{3}$ , $\alpha_{4}=2A_{4}-\frac{1}{\epsilon}$ , $\alpha_{5}=\frac{1}{\epsilon}$ ,
$\beta_{2}=A_{4}$ , $\beta_{3}=2A_{3}-\epsilon^{-1}$ , $t=-\epsilon T$, $x=1+ \frac{X}{\epsilon T}$ , $y=\epsilon TY$, $z=1+ \frac{Z}{\epsilon T}$ , $w=\epsilon TW$,
from $\alpha_{0},\alpha_{1}$ , $\alpha_{2}$ , $\alpha_{3}$ , $\alpha_{4}$ , $\alpha_{5}$ , $t$ , $x$ , $y$ , $z$ , $w$ to $A_{0}$ , $A_{1}$ , $A_{2}$ A3. $A_{4}$ , $\epsilon$ , $T$, $X$, $Y$, $Z$, $W$. Notice
that $A_{0}+A_{1}+2A_{2}+2A_{3}+2A_{4}=\alpha_{0}+\alpha_{1}+2\alpha_{2}+2\alpha_{3}+\alpha_{4}+\alpha_{5}=1$ and the change
of variables from $(x, y, z, w)$ to $(X, Y, Z, W)$ is symplectic. Choose $S_{i}$ , $\mathrm{i}=0,1$ , 2, 3, 4
as
$S_{0}:=s_{0}$ , $S_{1}:=s_{1}$ , $S_{2}:=s_{2}$ , $S_{3}:=s_{3},$ $S_{4}:=s_{4}s_{5}=s_{5}s_{4}$
which are reflections of
$A_{0}=\alpha_{0}$ , $A_{1}=\alpha_{1}$ , $A_{2}=\alpha_{2}$ , $A_{3}=\alpha_{3}$ , $A_{4}= \frac{\alpha_{4}+\alpha_{5}}{2}$ respectively.
By using the notation $(*):=$ (Ao, $A_{1},A_{2}$ A3, $A_{4},\epsilon$), we can easily check
$S_{0}(*)=(-A_{0}, A_{1},A_{2}+A_{0},A_{3}, A_{4},\epsilon)$,
$S_{1}(*)=$ ( $A_{0},$ $-A_{1},$ $A_{2}+A_{1}$ A3, $A_{4},\epsilon$),
$S_{2}(*)=(A_{0}+A_{2},A_{1}+A_{2}, -A_{2}, A_{3}+A_{2}, A_{4},\epsilon)$ ,
$S_{3}(*)=(A_{0}, A_{1},A_{2}+A_{3}, -A_{3},A_{4}+A_{3}, \frac{\epsilon}{1+\epsilon A_{3}})$,
$S_{4}(*)=(A_{0}, A_{1},A_{2},A_{3}+2\mathrm{A}4-\mathrm{A}2, -\epsilon)$ .
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By the above relation, we $\mathrm{w}\mathrm{i}\mathrm{U}$ see that the group $<S_{0}$ , $S_{1}$ , $S_{2}$ , $S_{3}$ , $S_{4}>$ can be
considered to be an affine Weyl group of the affine Lie algebra of type $B_{4}^{\{1)}$ with
respect to simple roots $A_{0}$ , $A_{1}$ , $A_{2}$ , A3, $A_{4}$ .
Now we investigate how the generators of $<S_{0}$ , $S_{1}$ , $S_{2}$ , $S_{3}$ , $S_{4}>$ act on $T$, $X$, $Y$, $Z$
and $W$ . By using the notation $(**):=(X, Y, Z, W, T)$ , we can verify
$S_{0}(**)=(X+ \frac{A_{0}}{Y-1}, Y, Z, W, T)$,
$S_{1}(**)=(X+-A_{\lrcorner}Y’ Y, Z, W, T)$ ,
$S_{2}(**)=(X, Y- \hat{x_{-}^{A}z}, Z, W+\frac{A_{9}}{X-Z}, T)$ ,
$S_{4}(**)=(X,Y, Z, \frac{+_{W}\frac{A}{}\Delta W,T(1T+\epsilon TZW+Z^{2}W}{Z(\epsilon T+Z)}-\frac{2A_{4}A_{3}}{Z},-T)S_{3}(**)=(X,Y,Z,+\epsilon)),$
.
The proof of Theorem 5.7 has thus been completed.
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